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Abstract. We obtain a characterization of property (T) for von Neumann algebras in 
terms of 1-cohomology similar to the Delorme-Guichardet Theorem for groups. 



0. Introduction. 

The analogue of group representations in von Neumann algebras is the notion of 
correspondences which is due to Connes ([C2], [C3], [PI]), and has been a very useful 
in defining notions such as property (T) and amenability for von Neumann algebras. 
It is often useful to view group representations as positive definite functions which we 
obtain through a GNS construction. Correspondences of a von Neumann algebra N 
can also be viewed in two separate ways, as Hilbert N-N bimodules 7i, or as completely 
positive maps <fi '■ N — > N, and the equivalence of these two descriptions is also realized 
via a GNS construction. This allows one to characterize property (T) for von Neumann 
algebras in terms of completely positive maps. 

For a countable group G there is also a notion of conditionally negative definite 
functions ip : G — > C which satisfy ^(g -1 ) = ip{g) and the condition: Wi G N, 

ai,a 2 ,...,a n € C, g x , g 2 , . . . , g n e G, if ^i = i a i = then s ?j=i«J a iV'(fl , 7 1 fl , i) < °- 
Real valued conditionally negative definite functions can be viewed as co cycles b G 
7r) where ir : G — >• 0(7i) is an orthogonal representation of G (see [BdHV]). 
Real valued conditionally negative definite functions can also be viewed as generators 
of semigroups of positive definite functions by Schoenberg's Theorem. These equiva- 
lences then make it possible for certain connections between 1-cohomology, condition- 
ally negative definite functions, and positive definite deformations, for example the 
Delorme-Guichardet Theorem [De] [G] which states that a group has property (T) of 
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Kazhdan [Ka] if and only if the first cohomology vanishes for any unitary representa- 
tion. 

It was Evans who introduced the notion of bounded conditionally completely posi- 
tive/negative maps [E] related to the study the infinitesimal generators of norm con- 
tinuous semigroups of completely positive maps. He noted that this definition gives 
an analogue to conditionally positive/negative definite functions on groups. We will 
extend the notion of conditionally completely negative maps to unbounded maps and 
use a GNS type construction to alternately view them as closable derivations into a 
Hilbert N-N bimodule. This is done in the same spirit as ([S1],[S2]) where Sauvageot 
makes a connection between quantum Dirichlet forms, and differential calculus. Indeed, 
it is shown in 1.7.1 that conditionally completely negative maps are in fact extensions 
of generators associated to completely Dirichlet forms, however we are coming from a 
different perspective here and so we will present the correspondence between condition- 
ally completely negative maps and closable derivations in a way more closely related 
to group theory. 

In studying various properties of groups such as property (T) or the Haagerup 
property one can give a characterization of these properties in terms of boundedness 
conditions on conditionally negative definite functions (e.g. [AW]), hence one would 
hope that this is possible for von Neumann algebras as well. 

We will show that one can indeed obtain a characterization of property (T) in this 
way. The main result is that a separable finite factor has property (T) if and only if 
the 1-cohomology spaces of closable derivations vanish whenever the domain contains 
a non-r set (see sec. 3 for the definition of a non-1? set). 

0.1. Theorem. Suppose that N is a separable finite factor, then the following condi- 
tions are equivalent: 

(1) N has property (T). 

(2) N does not have property Y and given any weakly dense *-subalgebra Nq C N, 
1 E N such that N contains a non-Y set, we have that every densely defined closable 
derivation on Nq into a Hilbert N-N bimodule is inner. 

(3) There exists a weakly dense *-subalgebra Nq C N such that Nq is countably gener- 
ated as a vector space and every closable derivation into a Hilbert N-N bimodule whose 
domain contains N is inner. 

This is the analogue to the Delorme-Guichardet Theorem for groups. As a corollary 
we obtain that if X\, . . . , X n generate a finite factor with property (T), and if at least 
one of the Xj's has diffuse spectrum then the derivations from [VI] cannot all be 
closable and hence the conjugate variables cannot all exist in L 2 (N, r). 

0.2. Corollary. Suppose that N is a finite factor with property (T), let X\, . . . , X n 

generate N as a von Neumann algebra such that C[X±, . . . ,X n ] contains a non-Y set. 
If one of the Xj 's has diffuse spectrum then <3>*(Xl, . . . , X n ) = oo. 
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We also give an application showing that many amalgamated free products of finite 
von Neumann algebras do not have property (T). 

0.3. Theorem. Let N\ and N 2 be finite von Neumann algebras with with normal 
faithful tracial states T\ and r 2 respectively, suppose that B is a common von Neumann 
subalgebra such that t\\b = t 2 \b- If there are unitaries Ui G U(Nj) such that Es(ui) = 
0, i = 1, 2. Then M = N± *b N 2 does not have property (T). 

Other than the introduction there are 4 sections. Section 1 establishes the definitions 
and notations as well as gives the connection between closable derivations, conditionally 
completely negative maps, and semigroups of completely positive maps. In section 2 we 
characterize when a closable derivation is inner in terms of the conditionally completely 
negative map and the semigroup. In Section 3 we state and prove the main theorem 

(3.2) , and in section 4 we give the application with amalgamated free products (4.2). 

1. A GNS-TYPE CONSTRUCTION. 

1.1. Conditionally completely negative maps. Let iV be a finite von Neumann 
algebra with normal faithful trace r. 

Definition. Suppose ^ : N — > L 1 (N,t) is a ^-preserving linear map whose domain 
is a weakly dense *-subalgebra Dq, of N such that 1 G D^, , then ^ is a conditionally 
completely negative (c.c.n.) map on N if the following condition is satisfied: 

(1.1.1). Vn G N, Xj , Vj G D*, j < n, if^ =1 x jVj = then E^y**^*^ < 0. 

It is not hard to see that condition (2.1.1) can be replaced with the condition: 

(1.1-1)'- e N, Xj , y 3 G D*, j < n, if ^ =1 x jVj = then E" j=1 t(^ (z*^)^*) < 0. 

If (p '■ N — > N is a completely positive map and k G N then ty(x) = k*x + xk — 4>{x) 
gives a map which is c.c.n. and bounded. If 5 : N — > L 2 (N, r) is a derivation then 5 is 
c.c.n. Also if \I/ is a c.c.n. map and a : N — > N is a r-preserving automorphism then 
$' = ao$o a -1 is another c.c.n. map. 

One can check that if and ^ 2 are c.c.n. such that Dq, 1 n D^ 2 is weakly dense in 
N, and if s,t > 0, then \1/ = s^i +t^> 2 is c.c.n. Also if {^t}t is a family of c.c.n. maps 
on the same domain and \& is the pointwise || • || i-limit of {^t}t then \1/ is c.c.n. 

We say that \1/ is symmetric if r(^(x)y) = r(xty(y)),Vx,y G D^. We say that \1/ is 
conservative if r o =0. We also say that \1/ is closable if the quadratic form q on 
L 2 (N,t) given by D(q) = D$, : q(x) = t(^(x)x*) is closable. Note that we will see in 

(1.3) that if \1/ : Dq, — > L 2 (iV, t) C L 1 (N, t) is a conservative symmetric c.c.n. map 
then \& is automatically closable. 

Note that if \1/ is a conservative symmetric c.c.n. map then t(^>(1)x) = t(^(x)) = 
0, Vx G -D*, hence \I/ ( 1) = 0. Also note that if \& is symmetric and \I/(1) > then given 
any x G -D*, if we let x\ = x, x 2 = 1, y\ = —1, y 2 = x, then the above condition implies 
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that t(^(x)x*) > 0, so that we actually have positivity instead of just the symmetry 
condition. 

1.2. Closable derivations. Let H be a Hilbert iV-iV bimodule, a derivation of N is a 
(possibly unbounded) map 5 : N — > 7i which is defined on a weakly dense *-subalgebra 
.0,5 of iV such that 1 G -Dj, and such that Vx,y G -D<s, S(xy) = xS(y) + S(x)y. 5 is 
closable if it is closable as an operator from L 2 (N, r) to Ti. 

6 is inner if 5(x) = x£ — £x for some £ G 7i. 5 is spanning if ~spDs5(Ds) = Ti. 5 is 
real if (arf(y), = 5(y*)x*} n , Vx, y, z G £> 5 . 

If 5' : Ds ^ H' is another derivation then we say that 5 and 5' are equivalent if 
there exists a unitary map U : H ^ H' such that U(x8(y)z) = xU(8(y))z = x5'(y)z 
for all x,y,z G -D5. 

Recall that if is a Hilbert iV-iV bimodule then we can define the adjoint bimodule 
7i° where H° is the conjugate Hilbert space of H and the bimodule structure is given by 
X £°V = (y*£ x *)°- If <5 : -D<5 — > W is a closable derivation then we may define the adjoint 
derivation 5° : D$ — > 7i° by setting 5°(x) = 5(x*)°, then 5° is a closable derivation and 
furthermore the derivations \{5 + 5°), and \{8 — 5°) are real derivations from D$ to 

n®n°. 

1.3. From conditionally completely negative maps to closable derivations. 

Let $ be a conservative symmetric c.c.n. map on N with domain D^. We associate 
to \& a derivation in the following way (compare with [SI]): 

let Ho = {T,f =1 Xi <S> Vi G Dq, <g> D^lE-^Xjyj = 0}. Define a sesquilinear form on 
Ho by (E? =1 xi ® y<, T,f =lXj ® y,>* = -^i^™ ^(^x^y*). The positivity of 
(•,•)* is equivalent to the c.c.n. condition on Let Ti be the closure of Tio after we 
mod out by the kernel of (•, If p = T^ =1 xu <E> yu such that S£ =1 Xfcyfc = then 
x I— > — ^'E2j =1 r(x*xXi^ (yiy*)) is a positive normal functional on N with norm (p, 
Similarly y 1— > — ^T,^j =1 T(^(XjXi)yiyy*) is a positive normal functional on N with 
norm (p, We also have left and right commuting actions of on Tio given by 
xpy = x(Y^ =1 Xk <S> Vk)y = ^k = i( xx k) <8> {VkV)-, an d by the preceeding remarks we have 
(xp,xp)y = (x*xp,p)y < \\x*x\\(p,p)ij, = \\x\\ 2 (p, p)y and (py,py)v < \\y\\ 2 (p,p)y for 
all x, y G D^. Hence the above actions of pass to commuting left and right actions 
on 7i, and they extend to left and right actions of iV on Ti given by the formulas: 

(x[Y>U x 'i ® V'l F?=i x i ® = StiSf =1 r(^^*(^*)), 

([E^ ® yfly, [E™ ^ ® = E^E™ ^(v^x^yy*). 

Since the above forms are normal the left and right actions commute and are normal 
thus making Ti into a Hilbert N-N bimodule. 

Define Sq, : Dq, — > Ti to be given by 5* (x) = [a; ® 1 — 1 ® x ] • Then 5y is a derivation 
such that 

(5y(x), 5^{y))- H = (x ® 1 - 1 ® x, y ® 1 — 1 ® y)^ 
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= -l r (*(y*x)) + ^r(#(x)y*) + -r(#(y*)x) - ^r(#(l)xy*) 

= r(#(x)y*), 
for all x, y G -D*. Also 5* is real since 

(x5*(y), 8i&(z))ji = (xy ®1 — x ®y,z ®1 — 1® z)^ 
= —£r(V{z*xy)) + - T (*(xy)z*) + -r(^(z*x)y) - ^r(^(x)yz*) 

= -^r{^{\)z*xy) + ^ T (*(z*)xy) + ^ T (*(y)z*x) - ^r{^{yz*)x) 

= (1 <g> z* - z* <g> 1, 1 <g> y*x* - y* <g> z*)* = (6v(z*),6v(y*)x*) n , 

for all x,y,z G D^. If \& is closable then it follows that Sq, is closable. Also note that if 
* : -> L 2 (A, r) C L 1 (AT, r) then we would have that = .D(<5£<5#) which would 
show that 5 (and hence also is closable. 

Note that we will assume in addition that 5-q, is spanning by restricting ourselves to 
spD^5(Dq,) C H. 

Also note that the requirement that W(l) = is not really much of a restriction 
since if \1/ is any symmetric c.c.n. map with G L 2 (A, r) then ty'(x) = \I/(x) — 

|\I>(l)x — |x\I/(l) defines a symmetric c.c.n. map with ^'(1) = 0. 

1.4. From closable derivations to conditionally completely negative maps. 

Let 7i be a Hilbert A- A bimodule and suppose that 5 : A — > is a closable real 
derivation defined on a weakly dense *-subalgebra of A with 1 G -Dj. 

Let _D<i- = {x G -D(<5) fl A|y i— > (5(x), S(y*)) gives a normal linear functional on A} 
then by [S2] and [DL] D(5) fl A is a *-subalgebra and hence one can show that is 
a *-subalgebra of A. We define the map ^$ : — > L 1 (A, r) by letting ^(x) be the 
Radon-Nikodym derivative of the normal linear functional y h- > (<5(x), 5(y*)). Since 5 
is closable ^ is also closable. 

As 5 is real ^ is a symmetric *-preserving map such that rof = and if n G N, 
X!,x 2 , ■ ■ ■ ,x n ,y 1 ,y x , . . . ,y n G such that £™ =1 x;yj = then: 

E^. =1 r(*(x*xi)yiy*) = S^. =1 (5(x*x i ),5(y J y*))w 

= S^ =1 (x*5(x i ),y^(y*) + 5(y,)y*)w + (5(^)x i; y^(y*) + S( yj )y*) n 
= S" J =i(5(x l )y i ,x i 5(y J )) w + {xi8{yi),8{xj)yj)n 

= -2||E? =1 *(x i )wllw<0. 
Hence ^ is a conservative symmetric c.c.n. map on Dy. 
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Note that if we restrict ourselves to closable derivations which are spanning then an 
easy calculation shows that the constructions above are inverses of each other in the 
sense that ^s^Id* = * and 5^ s = 5. 

1.5. Closable derivations and c.c.n. maps from groups. Let T be a discrete 
group, (C, ro) a finite von Neumann algebra with a normal faithful trace, and a a 
cocycle action of V on (C, To) by To-preserving automorphisms. Denote by N = C xi a T 
the corresponding cross-product algebra with trace r given by T(YiC g u g ) = To(c e ), where 
c g E C and {u g } g C N denote the canonical unitaries implementing the action a on C. 

Let (tvo^Hq) be a unitary or orthogonal representation of T, and let b : V — ► Ho be 
an (additive) cocycle of T, i.e. b(gh) = 7To(g)b(h) + b(g), Vg, h E V. Set H no to be the 
Hilbert space Ho®m.L 2 (N, r) if 7r is an orthogonal representation and Ho®cL 2 {N, t) if 
tv is a unitary representation. We let N act on the right of H^ by (£ ®x)y — £ ® (a%), 
x,y E N,£ E Ho and on the left by c(£ ® x) = £ <8> (ex), <g) x) = (iro(g)€) <8> (%x), 
cGC, x E N, g G T,£ G Hq- Let Dp be the *-subalgebra generated by C and 
we define 5b by 5b(c g u g ) = c g 5b(u g ) = b(g) <E> cyu 5 , c 9 6C,3 6r, then we can extend 
5b linearly so that 5b is a derivation on .Dr- If (no, Ho) is an orthogonal representation 
and l g denotes the Dirac delta function at g then: 

(cu g 5 b (u h ),5 b (uk)) = (ir (g)b(h),b(k)){cugUh,Uk) 

= (~no(g)no(h)b(h~ 1 ), -iro(k)b(k~ 1 ))(cu g u h , u k )l k (gh) 

= (b(k- 1 ),b(h- 1 ))(ulu* h u g c*) 

= (^(uD.SbiuDulc*), 

for all g, h, k E T, c E C, thus showing that 5 b is real. 
Also we have: 

\(6 b (c g Ug), 5 b (T, h£F d h u h ))\ = \Y, h€r {b(g),b(h))(cgUg,d h u h )\ 

= \\b(9)\\ 2 \(cgU g ^herdhU h )\ < \\b(g)\\ 2 \\cg\\\\T, he rdhUh\\i, 

for all g E T, c g E C, E^r^/i^/i G -Dr- Hence if x = T, ge -rc g ii g E Dp, and y E D F then 
\(5b(x),5b(y))\ < (E 36 r||^(fi , )|| 2 ||c s ||)||?/||i. In particular this shows that <5& is closable. 

Now suppose that ip : V — > C is a real valued conditionally negative definite function 
on T such that ip(e) = and let (n^.b^) be the representation and cocycle which 
correspond to ip through the GNS construction [BdHV]. Let (H, 5) denote the Hilbert 
N-N bimodule and closable derivation constructed out of (tt^, b n ) as above and let \l/ 
be the symmetric c.c.n. map associated to (H,S) as in 1.4. Then a calculation shows 
that ^(Tj g c g u g ) = E g ifj (g) CgU g , and in fact it is an easy exercise to show that even if 
ifj is not real valued ^(EgC^-u^) = T, g ifj(g)c g u g still describes a c.c.n. map. 
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Conversely, if (H, S) is a Hilbert N-N bimodule and a closable derivation such that 
5 is defined on the *-subalgebra generated by C and {u g } g then we can associate to it 
a representation 7r on Ho = sp{8(u g )u*\g G T} by no(g)£' = u g £'u* £' G 7i - Also we 
may associate to 5 a group cocycle b on V by 6(g) = 8(u g )u*, g G T. If \I/ is a c.c.n. 
map which is also defined on the *-subalgebra generated by C and then we 

can associate to it a conditionally negative definite function ip by ip(g) = r(ty(u g )u*). 
Furthermore if 5 is real then by taking only the real span above we have that Hq is a 
real Hilbert space and ttq is an orthogonal representation, also ip is real valued if and 
only if \1/ is symmetric, and if (7i, 5) and \1/ correspond to each other as in 1.3 and 1.4 
then (jto, b) and ip correspond to each other via the GNS construction. 

1.6. Examples from free probability. From above we have two main examples 
of closable derivations, those which are inner, and those which come from cocycles 
on groups. In [VI] and [V2] Voiculescu uses certain derivations in a key role for his 
non-microstates approach to free entropy and mutual free information. We will recall 
these derivations which will give us more examples of closable derivations under certain 
circumstances. 

1.6.1 The derivation dx from [VI]. Suppose B C N is a *-subalgebra with 1 G B and 
X = X* G N. If we denote by B[X] the subalgebra generated by B and X , and if X 
and B are algebraically free (i.e. they do not satisfy any nontrivial algebraic relations) 
then there is a well-defined unique derivation 

d x :B[X]^> B[X] (g) B[X) C L 2 (N, r) ® L 2 (N, r) 

such that d x (X) = 1 <g> 1 and d x (b) = V6 G S. 

We note that if <9x is inner then by identifying L 2 (N, t)®L 2 {N, t) with the Hilbert- 
Schmidt operators we would have that there exists a Hilbert-Schmidt operator which 
commutes with B. Therefore if B contains a diffuse element (i.e. an element which 
generates a von Neumann algebra without minimal projections) then we must have 
that dx is not inner. 

Recall from [VI] that the conjugate variable J(X : B) of X w.r.t. B is an element 
in L\W*{B[X\), r) such that t(J(X : B)m) = t® r(d x (m)) Vm G B[X], i.e. J(X : 
B) = 0*.(l<g>l). 

If J(X : B) exists and is in L 2 (N,r) (as in the case when we perturb a set of 
generators by free semicircular elements) then by Corollary 4.2 in [VI] we have that 
dx is a closable derivation. 

1.6.2 The derivation Sa-.b from [V2]. Suppose A, B C N are two *-subalgebras with 
1 G A, B. If we denote by A V B the subalgebra generated by A and £?, and if A and 
-B are algebraically free then we may define a unique derivation 

S A :B ■ AW B -> (A V B) ® (A V B) C L 2 (N,r) <g> L 2 (iV, r) 
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by S A:B (a) = a<g>l-l<g>aVaeA, and S A:B (b) = Wb G B. 

We note that for the same reason as above if B contains a diffuse element and i^C 
then we must have that the derivation is not inner. 

Recall from [V2] that the liberation gradient j(A : B) of (A, B) is an element 
in L 1 (W*(A U B),t) such that r(j(A : B)m) = r <g> r(8 A . B (m)) Vm 6 AVB, i.e. 
3 (A:B)=5 A:B (1®1). 

If j(A : B) exists and is in L 2 (A, r) then by Corollary 6.3 in [V2] 5a-.b is a closable 
derivation. 

1.7. Generators of completely positive semigroups. Let A be a finite von 
Neumann algebra with normal faithful trace r. A weak*-continuous semigroup {<fit}t>o 
on A is said to be symmetric if r(x(f)t(y)) = r((f>t(x)y), Va;,y G A, and completely 
Markovian if each <pt is a unital c.p. map on A. We denote by A the generator of a 
symmetric completely Markovian semigroup {(pt}t>o on A, i.e. A is the densely defined 
operator on A described by D(A) = {x £ N : x has a weak limit as t — > 0}, 

and A(x) = lim^ x ~ < ^ t( - x - > , we also denote by A the generator of the corresponding 

semigroup on L 2 (N 7 r). Then A describes a completely Dirichlet form [DL] on L 2 (N, r) 
byZ)(£)=Z)(AV2),£( x ) = ||Ai/2 (x) ||2. 

From [DL] we have that D(£) fl is a weakly dense *-subalgebra and hence it fol- 
lows from [SI] that there exists a Hilbert N-N bimodule 7i and a closeable derivation 
5 : D{£) ON such that £{x) = \\5(x)\\ 2 , Vx e D{£) n A. Conversely it follows 

from [S2] that if D{8) is a weakly dense *-subalgebra with 1 e -D(5) and 5 : -D(5) — > 
is a closable derivation, then the closure of the quadratic form given by ||5(a;)|| 2 is com- 
pletely Dirichlet on L 2 (A, r) and hence generates a symmetric completely Markovian 
semigroup as above (see also [CiSa]). 

From sections 1.3 and 1.4, and from the remarks above we obtain the following. 

1.7.1. Theorem. Let Aq C A be a weakly dense *-subalgebra with 1 G Aq and 
suppose $ : Nq — > L 1 (A, r) is a closable, conservative, symmetric c.c.n. map, such 
that \1/ _1 (L 2 (A, t)) is weakly dense in A. Then A = ^|*-i(l 2 (jv ,t)) ^ s closable as a 
densely defined operator on L 2 (A, r) and A t/ie generator of a symmetric completely 
Markovian semigroup on A. Conversely if A is the generator of a symmetric completely 
Markovian semigroup on A then A extends to a conservative, symmetric c.c.n. map 
\& : Aq — > L 1 (A, r) where A t/ie *-subalgebra generated by D(A). 

2. A CHARACTERIZATION OF INNER DERIVATIONS. 

Let A be a finite von Neumann algebra with normal faithful trace r. Given a 
symmetric c.c.n. map f on JV we will now give a characterization of when \1/ is norm 
bounded. 
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2.1. Theorem. Let ^ : Dq, — > L 1 (N,r) be a closable, conservative, symmetric c.c.n. 
map with weakly dense domain Dq, . Let 5 : Dq, — > Ti be the closable derivation associ- 
ated with ^ . Then the following conditions are equivalent: 

(a) 5 extends to an everywhere defined derivation 5' which is inner and such that given 
any x G N there exists a constant C x > such that \(S'(x),S'(y))\ < C x \\y\\i, My G N . 

(b) There exists a constant C > such that \(S(x), S(y))\ < C\\x\\ \\y\\i, Vx, y G Dq,. 

(c) \& is norm bounded on {D^)\. 

(d) The image of ^ is contained in N C L 1 (N, r) and — \& extends to a mapping which 
generates a norm continuous semigroup of normal c.p. maps. 

(e) There exists k G N and a normal c.p. map : N — > N such that ty(x) = k*x + 
xk — 4>{x), Wx G Dq, . 

Proof, (a) =>- (c): Let 5' be the everywhere defined extension of 5, and let be the 
c.c.n. map associated with 5' . Since given any x G N there exists a constant C x > 
such that \(S'(x), S'(y))\ < C x \\y\\i, \/y <E N we have that the image of is contained in 
N. Also since *'(1) = we have that for all x G IV, W(x*x)-x*W(x)-W(x*)x < 
and so — is a dissipation ([L],[Ki]). As — \P' is also everywhere defined, it is bounded 
by Theorem 1 in [Ki]. 

(b) (c): Suppose (b) holds, then for all x, y G Dy, 

\T(y(x)y*)\ = \(S(x),5(y))\<C\\x\\\\y\\ 1 . 

So by taking the supremum over all y G D-q, such that \\y\\i < 1 we have that ||\I/(x)|| < 
C\\x\\, Vx G D 9 . 

Suppose now that ^ is bounded by C > 0. Then for all x, y G -D*, 
|((5(x),(5(y)>| = \T(9(x)y*)\ < M*)\\\\vh < C|klllMli- 

(c) =^ (d): This follows from [E] Proposition 2.10. 

(d) (e): This is Theorem 3.1 in [ChE]. 

(e) =>- (a): Suppose that for k G N and c.p. we have ty(x) = k*x + xk — <fi(x), Wx G N. 
Let 0' = r(0(l)) _1 and let (H,£) be the pointed Hilbert A^-bimodule associated with 
<j)'. Hence if we set 5'(x) = (r((/)(l))/2) 1 / 2 [x, £] then we have 5' = 5. By replacing 
k with + fc*) and with ^(0 + 0*) we may assume that is symmetric, it is 
then easy to verify that there exists a constant C > such that for all x,y G N, 
\(S'(x), S'(y))\ < C\\x\\ \\y\\i- Hence 8' gives an everywhere defined extension of 6 which 
satisfies the required properties. □ 

Our next result is in the same spirit as Theorem 2.1 and provides several equivalent 
conditions for when a closable derivation is inner. 
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2.2. Theorem. Let ^ : — > L 1 (N, r) be a closable, conservative, symmetric c.c.n. 
map with weakly dense domain . Let 5 : — > Ti be the closable derivation associ- 
ated with ^ . Then the following conditions are equivalent: 

(a) 5 is inner. 

((3) 5 is bounded on (-D^)i. 

(7) ^ is || ■ \\i-bounded on (-D^)i. 

(S) \& can be approximated uniformly by c.p. maps in the following sense: for all e > 0, 
there exists k E N , and <fi a normal c.p. map such that \\^(x)—k*x—xk+(f)(x)\\i <e\\x\\, 
Vx G D^. 

Proof (a) =>- (5): Suppose £ G H such that 8{x) = x^ — £x, Va; G Dq,. Let e > 0. 
Since the subspace of "left and right bounded" vectors is dense in Ti, let £0 G 7i such 
that there exists a constant C > such that ||a;£o|| < CIMI2, Va; G AT", ||£o|| < ||£||, and 
also ||£ — £o|| < £ /8||£||- As £0 is "bounded" we may let </>£ be the normal c.p. map 
associated with £o/||£o||- Let <j> = 2||£ || 2 ^ ' an ^ ^ ^ = <Ml)/2- 

Note that since 5 is real we have that £ is also real, i.e. (x^OjCoU) = (2/*£o 5 £o^*) 5 
Vr, y E N . 

Then if a;, y G -D* we have: 

r((*(x) - /c*a; - xk + 4>(x))y*) 

= r(9(x)y*) - ^T(cf>(l)xy*) - ^r(xcf>(l)y*) + r(cf>(x)y*) 

= (S(x),S(y)) - (xy*£o,£o> - (y*x£ , £ > + 2<x£ y*,fo) 
= (x£ - fx, yf - fy) - (x£ - £ox, 2/£o - fo2/)- 

Hence: 

\(^(x) — k*x — xk + (f>(x),y)\ 

< \H - iA\ hi -iv- yto + Zoy\\ + \\y£o - fry II \H - - x£ + M\ 

< #c||||£lll|y||||f-£o|| +4|M|||£o|||MIH£-£o|| 
— £ \\ x \\ IMI- 

Thus by taking the supremum over all y G (D^)i we have the desired result. 

(S) =>• (7): Let k e N and <p c.p. such that ||*(x) - k*x-xk + (f)(x)\\i < \\x\\. By ([P2] 
1.1.2) \\(f>{x)\\ 2 < ||0(l)|| 2 ||a;||, Vr G AT. Hence for alia; G Dy. 

H*(aOI|i ^ \\^( x ) ~ k * x - xk + (j>(x)\\! + \\k*x - xk + <p(x)\\ 2 
<(l + 2||fc|| 2 + ||0(l)|| 2 )||x||. 
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Thus \1/ is bounded in || • \\i on (-D^)i- 

(7) =>• ((3): Suppose ||*(»||i < C||x||, Vx G Dq,, then: 

||(5(x)|| 2 = t(*(x)x*)<||*(x)||i||x||<C||x|| 2 , 

for all x G D^. 

((3) (a): As 5 is bounded on (D-q,)i we may extend 5 to a derivation on the C*- 
algebra A which is generated by D^. Let X = {8(u)u*\u G 14(A)}, for each v G 14(A) 
we let i> act on Ti by i> • £ = /;£ + £(/;). Let £0 be the center of the set X. Then since 
V£, 77 G W, ||v • £ — v • //|| = ||£ — //|| = ||£f — r/w||, the center of the set v ■ X is v ■ £ 05 and 
the center of the set Xv is ^ v. Further we have that v ■ X = Xv and thus v • £0 = £o^- 
Since v was arbitrary and every x G A is a linear combination of unitaries we have that 
= £ox — x£o, Va; G A. □ 

In general we may have that ^ is unbounded in || • ||i even if ||0t(x) — x\\2 converges 
to uniformly on N\ . However we will show in the next section that if N has property 
(T) and the domain of ^ contains a "critical set" as in Proposition 1 of [CJ] then this 
cannot happen. 

3. Property (T) in terms of closable derivations. 

Given a finite von Neumann algebra M with countable decomposable center. We 
will say that M has property (T) if the inclusion (M C M) is rigid in the sense of [P2] , 
i.e. M has property (T) if and only if there exists a normal faithful tracial state r' on 
M such that one of the following equivalent conditions hold: 

1. Ve > 0, ELF' C M finite and 5' > such that if H is a Hilbert M - M bimodule 
with a vector £ G H satisfying the conditions || (•£,£) — r'|| <8', ||(£-, £) — r'|| < 5', and 
hi - Kv\\ < e F ' then 3 £o e W such that ||£ - £|| < £ and x£ = £o^, G M. 

2. Ve > 0, 3F C M finite and 5 > such that if : M — > M is a normal, completely 
positive map with r'ocj) < r', <p(l) < 1 and \\<j>(y) — y H2 < 5, Vy G F, then ||0(x) — x||2 < 
e, Vx G M, < 1. 

Furthermore it was shown in [P2] that the above definition is independent of the 
trace r', and in the case when N is a factor this agrees with the original definition in 
[CJ]. 

In this section we will obtain a characterization of property (T) in terms of certain 
boundedness conditions on c.c.n. maps. As we are dealing with unbounded maps the 
domain of a map will be of crucial importance. We will thus want to consider c.c.n. 
maps whose domain contains a "critical set", which by Remark 4.1.6 of [PI] motivates 
the following. 
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3.1. Definition. Suppose that N is a Hi factor and let N C N be a weakly dense 
*-subalgebra of N, 1 6 Nq, then Nq contains a non-Y set if EIF C Ao finite, K > 
such that V£ G L 2 (N, r), t/ (£, 1) = i/ien we have < KE x£F \\x^ - £r|||. 

Note that by Lemma 2.4 of [CI] one can check that iVo has a non~r set if and only 
if there exists a finitely generated subgroup Q C Int C*(N ) such that there is no 
non-normal (/-invariant state on N. Also it follows from the definition that N C N 
contains a non-1? set if and only if N does not have property V of Murray and von 
Neumann [MvN]. Also note that if A is a countable ICC group then by [Ef] A is not 
inner amenable if and only if CA contains a non-l? set. 

We now come to the main result which is to give several equivalent characterizations 
of property (T), in particular we obtain a 1-cohomology characterization of property 
(T) which is the analogue of the Delorme-Guichardet Theorem from group theory. 

3.2. Theorem. Suppose that N is a separable finite factor with normal faithful trace 
t. Let N C N be a weakly dense *-subalgebra such that 1 E N and N is countably 
generated as a vector space. Consider the following conditions: 

(a) N has property (T). 

(b) EIF C Nq finite and K > such that if H is a Hilbert N-N bimodule, £ G TL, 
and if 6% = max x€ i?{||:r£ — £x\\} then E!£o £ H such that x£o = £ox,Wx G A" and 



(c) Every densely defined closable derivation on Nq is inner. 

(d) Every closable, conservative, symmetric c.c.n. map on Nq is bounded in || • ||i on 



(e) EIF' C Ao finite and K' > such that if 4> : N — > A" is a c.p. map with 0(1) < 1, 
t o <p < T , (p = <j>*, and ifS'j, = max x€F >{\\x - <p(x)\\ 2 } then r((y - (j){y))y*) < K'S'^, 
Vye (AT)!. 

Then (b) =>- (c) =>- (d) =>- (e) =>- (a). If moreover No contains a non-Y set then we 
also have (a) => (b). 

Proof, (b) =>- (c). Let 6 : Nq — > 7i be a closable derivation, note that by 1.2 we may 
assume that 5 is real. Let <p t : N ^ N be the semigroup of normal symmetric c.p. 
maps associated with S. Then \/y G N ||<K?/)|| 2 = lim^oo r( v ~^ v ^ y*). 

Let (Tit, £t) be the pointed correspondence obtained from cf> t , then since <f> t is unital 
and symmetric \\y£ t - £ty\\l = 2r ((y ~ 4>t{y))y*) Vy G N. Let F C N and K > be 
as in (b) and let C = sup 0<t<1)X6F r((x — <f>t(x))x*)/t. Then: 



neo-eii<^- 



(AT )i. 



||%)|| 2 = limr( 



y - My) 
t 
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= lim||j/&-&!/||i/2* 
<2 sup \\xi t -i t x\\lK 2 /t 

0<t<l,xEF 

= 4 sup r((x - 4> t (x))x*)K 2 /t = 4CK 2 , 

0<t<l,x£F 

for all y G (iVo)i. Thus by Theorem 2.2 we have that 5 is inner. 

(c) =>■ (d). This follows from Theorem 2.2. 

(d) =>- (e). Let {x n } n6 N be a sequence in (N ) 1 such that A^ = sp{x n } n£ N- If (e) does 
not hold then for each fceN there exists a c.p. map 4>k '■ N — > A" such that 0fc(l) < 1? 
t o (j) k < t, (j) k = (/)%, and there exists y fc G (iVo)i such that r((y k - 4>k{yk))yt) > ^ k 5' k 
where 6' k = max j<k{\\xj - <j>k(xj)h}- 

Let ^ k = (id - <f>k)/S' k , and let * = Sfcl 1 2 _fe * fc - Then since iVo = sp{a; n } neN , 
* : N — > L 2 (N,t) is a well defined symmetric c.c.n. map with \I/(1) > 0. Also 
since 0fc(l) < 1, r ° ^ < t, and (p k = 4>t ^ we ^ C^fc;£fc) be the pointed Hilbert 
iV-iV bimodule corresponding to <fik then we have 2t((x — <f>k(x))x*) > r o cj) k {x*x) + 
r(x*x0 fc (l)) - 2r(>(»£*) = ||a;f fc - 6fc^l| 2 > 0, Vx G AT. Thus 

ll*(y*)lli>r(*(y*)y*) 

>2- fe r((y fe -0 fc (y fc M)/^>2 fe , 

for all ken. Hence if we let = - xtf (l)/2 - *(l)x/2 then is a closable, 

conservative, symmetric c.c.n. map which is unbounded in || ■ ||i on (Ao)i. 

(e) =>- (a). Let F' and K' be as in (e) and let s > 0. Suppose : A" — > A" is a c.p. map 
such that 0(1) < 1, Tocj) < r, = 0*, and ||x-0(x)|| 2 < e 2 /2K' ', Vx G F'. Let (H^,^) 
be the pointed Hilbert A 7 "- A 7 " bimodule associated with 0, then since ||0(1)||2 < 1 by 
Lemma 1.1.3 of [P2] we have that \\y - (f>{y)\\ 2 < \\y^ - ^y\\ 2 = 2r({y - (f>{y))y*) < 
2K'S' (j> < £ 2 , Vy G (AT)i. Hence by Lemma 3 of [PeP] N has property (T). 

(a) =>- (b). If N contains a non-r set then Remark 4.1.6 of [PI] shows that one can 
then apply Proposition 1 of [CJ] to obtain the desired result. □ 

We note that (d) =>- (e) in Theorem 3.2 can be suitably adapted to the case of 
inclusions of a-compact and locally compact groups thus showing that an inclusion of 
groups has relative property (T) if and only if "5 depends linearly on e" , answering a 
question of Jolissaint (see Theorem 1.2 in [J]). 

Let B C A 7 ", 1 G B be a *-subalgebra and X = X G N. Recall from [VI] that a dual 
operator to (X; B) in L 2 (N, r) is an operator Y G B(L 2 (N, r)) such that 

[B, Y] = and [X, Y] = P 1 

where P\ is the orthogonal projection onto CI. 
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3.3. Corollary. Suppose that N is a separable finite factor with property (T), let 
B C M , 1 G B be a *-subalgebra and X = X* G N such that B[X] generates N as a 
von Neumann algebra. Suppose that B contains a diffuse element and B[X] contains 
a non-Y set, then the conjugate variable J(X : B) does not exist in L 2 (iV, r), i.e. 
: B) = oo. Also (X;B) does not have a dual operator in L 2 (iV, r). 

Proof. If the conjugate variables J(X : B) did exist in L 2 (N,t) then as in 1.6.1 we 
would have a closeable derivation on B[X] which is not inner. Therefore by Theorem 
3.2 this cannot happen. 

The fact that (X; B) does not have a dual system in L 2 (N, r) then follows directly 



We include here an application of the above ideas, showing that a large class of 
amalgamated free products do not have property (T). We first prove that if N has 
property (T) then even though a c.c.n. maps may be unbounded on some domains it 
must still satisfy a certain condition on its rate of growth. 

4.1. Theorem. Suppose N is a finite von Neumann algebra with normal faithful 
tracial state r, if N has property (T) and ^ : — > L 2 (N,t) C L 1 (A^, r) is a con- 
servative, symmetric c.c.n. map, then given any sequence {x n } n in (-D*)i such that 
||#0r n )|| 2 -> oo, we have that ||*(x n )|| 2 /||*(x n )|| -> 0. 

Proof. Let {&t}t be the semigroup of unital normal symmetric c.p. maps associated 
with \1/ as in 1.7, and for each f3 > let ep = sup t</3 xe7Vi ||$t(x) — x\\2- Since N has 
property (T) we have that e@ — > as (3 — > 0. 
For all (3 > 0, and x G (-D^)i we have: 



from [VI]. 



□ 



4. Property (T) and amalgamated free products. 




o 

















s 







13+s 
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= ^ p {x)-x. 

Hence for all x G (_D*)i: 



p p 
||*(x)|| 2 < ||^ J ® t oy(x)dt\\ 2 + \\^ J(QtoV(x)-y(x))dt\\2 






<f + \Mx)\\ef>- 

Thus ep > \\^(x)\\ 2 P/{l + and since ep -> the result follows. □ 

4.2. Corollary. Let N± and N 2 be finite von Neumann algebras with normal faithful 
tracial states t\ and r 2 respectively, suppose that B is a common von Neumann sub- 
algebra such that ti\b = t 2 \b- Suppose also that there are unitaries Ui G U(Ni) such 
that Eb(ui) = 0, i = 1, 2. Then M = N\ *b N 2 does not have property (T). 

Proof. Let r = n * B r 2 be the trace for M and let H = L 2 (M, t) ® B L 2 (M, r). Define 
5 to be the unique derivation from the algebraic amalgamated free product to Ti which 
satisfies 5(a) = a ®s 1 - 1 ®b a, Va G Ni, and 5(b) = 0, V6 G A^" 2 . By Corollary 5.4 in 
[NShSp] <5*(1 <E>b 1) =0 and so in particular just as in the non-amalgamated case we 
have that 5 is a closable derivation and furthermore if u\ , u 2 are the unitaries as above, 
and z E No then: 



(5(( Ul u 2 ) n ),8(z)) = T^Zq 1 ((uiu 2 y u\ ® B Uiiuwy-*- 1 - [u lU2 y ® B (u lU2 ) n -^5(z)) 

also for each < j < n, by using the Leibnitz rule for the derivation we may rewrite 
(u^ulY 8(z)(u2u\) n ~ j as a sum of three terms: 



(1) 



5((u* 2 uiyz(u* 2 ul) n ~ J ) 



16 



JESSE PETERSON 



(2) -E^ 1 (^^)^5K)(^<)^- fc -^(^<)^ 

(3) -Co i_1 (^)^(«X) i «^K)(«X) Tl - J - i - 1 , 

however when we take the inner product with 1<S>b 1 the first term will be as mentioned 
above, and by freeness (since u±, and u 2 have expectation 0) the other terms will be 
except when i = n — j — 1 in the third term where we have 

-(1 ® B 1, {ulu\) j z{ulul) n - j -\l8{u\)) = -(1 ® B 1, (u* 2 ul) j z(u* 2 ul) n - j ® B 1) 

= -T{E B {{u 1 u 2 ) n -lz*{u 1 u 2 y)). 

Similarly 

Hence from the above equalities we have: 

= 2nT(( Ul u 2 ) n z*). 

In particular if \1/ is the c.c.n. map associated with 5 then we have that ^ ((uiu 2 ) n ) = 
2n(u 1 u 2 ) n and so ||#((-uiw 2 ) n ) lb -> oo but ||^((-ui-u 2 ) n ) h/W^du^) 71 ) \\ 0, hence 
by Theorem 4.1 M does not have property (T). □ 

Note that the only place where we used the fact that u\ and u 2 were unitairies 
was to insure that 2n|| (^1^2)"" || 2 — ► 00. Also note that the conditions of the above 
Corollary are satisfied when M is a free product (with amalgamation over C) as well as 
when M is a group von Neumann algebra coming from an amalgamated free products 
of groups. We also mention that from the calculation above we are able to compute 
explicitly the semigroup of c.p. maps that 5 generates, it is the semigroup given by 
fa = ( e - 2t id + (1 - e- 2t )E B ) * B id. 
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